Abstract. This contribution contains a novel investigation of the influence of warping of the cross-section of twisted beams on their eigenvibrations. The investigation is based on the analogy of the bending beam theory and the non-uniform torsion theory of thin-walled open
INTRODUCTION
Beam structures are often exposed to time-dependent loads. Commercial FEM codes allow performing modal and transient dynamic analysis by 3D beam finite elements with and without consideration of the warping effect. Very often the improved Saint-Venant theory of torsion is used and special mass matrices are proposed. Mostly, the bicurvature is chosen as an additional warping degree of freedom and the secondary torsion moment deformation effect (STMDE) is not considered.
For example in [1] , the beam element can be used with a lumped or a consistent mass matrix. The consistent mass matrix includes warping effects but does not include the effect of shear deformation. For the standard beam element, the consistent mass matrix is based on reference [2] with the exception that there are additional terms arising from the warping constant  I . For the warping element, lumped masses for the warping degree of freedom (bicurvature) are defined [3] . As stated in [1] , for solid and closed thin-walled sections, the standard beam element can be used without significant error. However, for the open thinwalled sections, the warping beam element should be used. In [4] , the warping beam finite element is recommended to be used only for open thin walled section beams. In [5] , the finite beam element is implemented with unrestrained or restrained warping (BEAM188). In [6] , the warping beam finite element can be used only for elastostatic analysis of straight beams. It should be noted that in technical practice as well as in the Eurocodes 3 (EC3) the effect of non-uniform torsion by the steel beams with closed cross-sections is not considered.
In the most recent literature relatively little information can be found that refers to the solution for free and forced torsional vibration of beams with hollow cross-sections that include non-uniform torsion effects. In [7] , a boundary element method is developed for the nonuniform torsional vibration problem of doubly symmetric composite bars of arbitrary variable cross-section. Dynamic analysis of 3-D beam elements, restrained at their edges, subjected to arbitrarily distributed dynamic loading, is presented in [8] . In [9] , Ref. [7] is extended taking the geometrical nonlinearity into account, and in [10] , the effect of rotary and warping inertia is implemented. In [11] , the nonlinear torsional vibrations of thin-walled beams exhibiting primary and secondary warping are investigated. In [12] , a solution for the vibrations of Timoshenko beams by the isogeometric approach is presented, but warping effects are not considered. In [13] , geometrically non-linear free and forced vibrations of beams with non-symmetrical cross sections are investigated by the Saint-Venant theory of torsion. In [14] , an axial-torsional vibration of rotating pretwisted thin-walled composite box beams, exhibiting primary and secondary warping, are investigated. In [15] , a new formulation of a 3D beam element is presented with a new method of describing the transversal deformation of the beam cross-section and its warping.
As follows from the above overview of research papers on the area of nonuniform torsion and of the papers [16] , [17] , [18] , the effect of warping should be considered also by torsion of closed thin-walled section beams. This fact was yet also experimentally proved by elastostatic torsional loading of hollow section beams [17] . It was also shown that the effect of the secondary torsion moment has to be taken into account especially by closed-section beams. Because the bicurvature cannot be used in the constraint equations, e.g. [1] , it is straightforward to consider the part of the first derivative of the angle of twist caused by bimoment as the warping degree of freedom also for modal analysis. The new degree of freedom can be used in the constraint condition (it is e.g. exactly equal to zero at the clamped end of the beam), and it can make modal analysis more accurate as this is the case for nonuniform torsion elastostatic analysis [16 -18] . That is the motivation for the investigation in the following chapters of the present paper.
In chapter 2, the differential equations of 4 th order for nonuniform torsion eigenvibrations are established. The part of the bicurvature caused by the bimoment is taken into account as the warping degree of freedom, and the STMDE is also considered. The general semianalytical solution of the differential equation is presented and the transfer matrix relation is established. In chapter 3, the numerical investigation is performed. The results of modal analysis of open I and rectangular hollow cross-section beams by our method are presented and compared with the ones obtained by commercial FEM codes. The effect of STMDE is studied and evaluated. Final assessment of the proposed method and of the obtained results is listed in the summary and conclusions. 
EIGENVIBRATIONS DUE TO NONUNIFORM TORSION
Multiplication of equation (9) by EI  results in
Differentiation of equation (10) with respect to x and substitution of equation (3) into the soobtained relation yields
Consideration of the equations (5), (6) , and (7) in equation (11) yields
Differentiation of equation (12) with respect to x and consideration of equation (3) 
Substitution of equation (1) and of the derivative of equation (6) into (13) 
Equation (14) is a linear homogeneous differential equation of fourth order for the angle of twist. It can be verified by means of the analogy between non-uniform torsion and secondorder beam theory (see Table 1 ).
For free-of-warping cross-sections, for which I   0 , equation (14) degenerates to the equation for Saint-Venant torsion.
The general semianalytical solution of the differential equation (14) can be written as follows:
where
denote the transfer functions and , , ,
   represent the integration constants referring to the starting point i (e.g.
 
, etc…). Equation (15) and its first three derivatives with respect to x are integrated into the following matrix equation:
In equation (16), (x) B is a matrix containing the solution functions and its first three derivatives at x,   ψ x is a vector containing the angle of twist and its first three derivatives at x, and ψ i is a vector containing the angle of twist and its first three derivatives at the starting point i. The transformation matrix T in the following matrix equation relates the vector 
Details concerning determination of T are given in [20] .
Non-uniform torsion
Second-order beam theory By substitution of equation (16) into (17) the static vector  
where Z i is the a static vector at the starting point i and ( ) xi F x is the transfer matrix, given as
Calculation of the warping eigenfrequencies involves the following steps: At first, the equations (16) and (17) and the transfer matrix   The transfer equation (18) is specialized for the nodes i and k to the transfer matrix   L x F ki  . Taking into account the boundary conditions, the reduced system of two homogeneous algebraic equations is obtained. The circular natural frequencies , , , ,
follow from the zeros of the determinant of the reduced system of equations. An iterative method was used to find the zeros of the determinant. The natural frequencies / , j , , ,
12 are determined subsequently. The above algorithm was implemented into the software MATHEMATICA [21] . The eigenfrequencies were calculated for cantilever beams with thin-walled open and closed cross-sections. In chapter 3, the results of the numerical experiments are presented and compared with the results obtained from the available commercial software.
NUMERICAL EXAMPLES
In this chapter, the results of modal analysis concerning the nonuniform torsion eigenmodes of chosen open and closed shaped beams are investigated.
Cantilever beam with an I cross-section
Saint-Venant and nonuniform torsion eigenfrequencies of the cantilever beam ( Fig. 3) with length 2  L m were calculated. The cross-section is the one of a HEA-100 [22] . In Table 2  and Table 3 , the cross-sectional parameters and the material properties are listed, respectively. In the torsional modal analysis the following boundary conditions were applied: a) Saint-Venant torsional vibration: ( ) ,
Important notice: According to the analogy between non-uniform torsion and second-order beam theory (Table 1) , it holds at the clamped beam end:
for the flexural vibration case 
Warping torsion about the x-axis without deformations due to the secondary torsional moment Table 4 : First three eigenfrequencies of a cantilever beam with an I cross-section.
As expected, the difference between the uniform torsional eigenfrequencies (Saint-Venant) and the eigenfrequencies obtained by the proposed method and the commercial programs RSTAB [6] are negligible. But there is a visible deviation from the BEAM188 (warping unrestrained) results. These discrepancies are caused by the fact that in the FEM model based on BEAM188 element the non-round transition between the web and the flange of I -profile was assumed, which has a small influence on the cross-sectional characteristics.
In nonuniform torsion analysis without STDME by the proposed approach and by the BEAM188 finite element with restrained warping the eigenfrequencies difference has decreased. The both results agree relatively well also with the SOLID186 solution results. Our nonuniform torsion approaches with and without STMDE produce nearly the same results, what proves the fact, that the secondary torsion moment does not play significant role in torsion of open-section beams. On the other hand, the first three eigenfrequencies calculated with STMDE are closer to the SOLID186 solution results. The first three torsional modes of the beam are shown in Fig. 4 and 5. They were obtained by means of the SOLID186 finite element [5] . It is seen that the cross-section satisfies the deformation conditions for nonuniform torsion of thin-walled cross-sections, as given by the thin tube theory (TTT). The torsional eigenmodes can be evaluated by means of the transfer relations (17) , but the graphical representation is quite cumbersome (as it is also the case for the beam finite elements). This problem will be treated in our future work. 
Warping eigenfrequencies and mode shapes of a cantilever rectangular hollow section beam with constant ratio of h/b = 80/40 and h/b = 50/40
, and with variable length L and wall thickness t. Fig. 6 refers to the investigated cantilever beam. Fig. 6(a) shows the rectangular hollow beam and Fig. 6(b) illustrates the cross-section. The chosen material characteristics and the cross-sectional parameters are listed in Tables 3  and 5 . The boundary conditions are the same as in section 3.1, expressions (20) and (21) . In the following, the cross-sectional parameters and the cross-sectional characteristics are calculated by ANSYS [4] and [23] for t = 5 mm and t = 10 mm:
Cross-sectional parameters [5] , [23] :
Cross-sectional area Table 5 : Cross-sectional parameters [4] and [23] for t = 5 and 10 mm.
The aim of the investigation is the evaluation of the influence of the warping and the STMDE on the eigenfrequencies of the closed-section beam depending on the beam length and the wall thickness. Tables 6 -8 contains a comparison of the results for the first three torsional eigenfrequencies obtained by proposed method (Saint-Venant torsion, in lines a) and non-uniform torsion with STMDE, in lines b)) and with corresponding results obtained by the computer programs RSTAB [6] and ANSYS [5] for t = 5 mm and t = 10 mm, respectively. The results of RSTAB [6] are based on number of 50 Saint-Venant torsion beam finite elements (denoted by WW-E).
The results of ANSYS [5] solution are based on number of 37 500 of SOLID186 elements (denoted by 3D-E) and on number of 100 of BEAM188 elements (warping unrestrained) denoted by WW-E, and non-uniform torsion (warping restrained without STMDE) denoted by W-E. Table 8 : Torsional eigenfrequencies of a cantilever beam with a hollow cross-section ( The main conclusion drawn from Tables 6 -8 is that, in contrast to the previous example, the influence of warping and the STMDE on the torsional eigenfrequencies of the beam with a rectangular hollow cross-section is not significant. It could be explained by the fact, that the beam stiffness is influenced by warping very locally only. This local action influences strongly the stress state at the restrained cross-sections of the closed sectional beam through the bimoment and secondary torsion moment, but not the eigenfrequency.
Type of eigenvibrations
As expected, the influence of the STMDE on the eigenfrequency increases with decreasing beam length L. For very small beam length the system is closer to 3D solid. Thus, the beam theory is not longer suitable. For longer beams the warping and the STMDE influence on the torsional eigenfrequencies is less significant. In the theoretical investigations by the authors, the effect of the secondary torsion moment deformation (STDME) was taken into account. A part of the first derivative of the twist angle was chosen as a warping degree of freedom. Contrary to the bicurvature, this warping degree of freedom can by used for satisfaction of boundary conditions. The main conclusions that can be drawn from this investigation are as follows: (2) Eigenvibrations of rectangular hollow-section beam -In contrast to the open cross-section, the influence of warping (with or without STMDE) on the nonuniform torsional eigenfrequencies of beams with a rectangular hollow cross-section is not significant. This is explained by the fact, that the beam stiffness is affected by warping only very locally. This has a strong influence on the local stress state at the restrained cross-sections, but not on the eigenfrequency. As expected, the influence of the STMDE on the eigenfrequency increases with decreasing length of the beam. For longer beams the influence of warping and of STMDE on the torsional eigenfrequencies is less significant.
SUMMARY AND CONCLUSIONS
-The best agreement of results obtained by the solid finite elements and the proposed method (as well by the Saint-Venant and the warping beam solutions), achieved for the 1 st torsional eigenfrequency. For the higher modes the discrepancy increases. The higher torsional eigenmodes show buckling of the cross-sectional walls. This effect cannot be considered as by the proposed method as by the beam finite elements with restrained and unrestrained warping. These discrepancies are partly reduced by the beam with larger length with smaller section ratio b h / and by greater wall thickness t. -Because of to the discrepancies between the warping torsion eigenfrequencies of beams with a closed section obtained by the beam theory and the 3D solid theory, an experimental verification of the results is needed.
In future work on the bases of the presented method, a new 3D finite beam element for modal and transient structural analysis will be established, wherein the STMDE and the new warping degree of freedom will be included. It is expected, that for forced torsional vibrations of closed-section beams, with restrained warping, the effect of warping and of the secondary torsion moment will be stronger than it is in case of modal analysis.
